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Abstract
We compute the B̂K parameter and the mass difference ∆MLS of the K
0-K¯0 system by
means of the chiral quark model. The chiral coefficients of the relevant ∆S = 2 and
∆S = 1 chiral lagrangians are computed via quark-loop integration. We include the
relevant effects of one-loop corrections in chiral perturbation theory. The final result is
very sensitive to non-factorizable corrections of O(αSN) coming from gluon condensation.
The size of the gluon condensate is determined by fitting the experimental value of the
amplitude K+ → pi+pi0. By varying all the relevant parameters we obtain
B̂K = 0.87 ± 0.33 .
We evaluate within the model the long-distance contributions to ∆MLS induced by the
double insertion of the ∆S = 1 chiral lagrangian and study the interplay between short-
and long-distance amplitudes. By varying all parameters we obtain
∆M thLS/∆M
exp
LS = 0.76
+0.64
−0.34 .
Finally, we investigate the phenomenological constraints on the Kobayashi-Maskawa pa-
rameter Im λt entering the determination of ε
′/ε.
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The mixing in theK0-K¯0 system is determined by the weak effective hamiltonian
through the mass matrix 〈K¯0|HW |K0〉 . Its computation requires both long- and
short-distance physics. For this reason, the CP violating quantity ε and the mass
difference ∆MLS, which are respectively related to the imaginary and the real part
of the mass matrix, are factorized in the renormalization-group invariant parameter
B̂K , which takes into account long-distance effects, and the Wilson coefficients,
which account for the short distance ones. ∆MLS receives in addition a long-distance
correction from the double insertion of the ∆S = 1 hamiltonian.
In this work we apply the chiral quark model [1](χQM) and chiral perturbation
techniques to estimate the long-distance part of the mass matrix. Such an analysis
follows our recent studies of the ∆I = 1/2 selection rule [2] and ε′/ε [3] within the
χQM approach to kaon physics.
The long-distance contributions thus computed are eventually matched to an up-
to-date next-to-leading order (NLO) determination of the short-distance coefficients
and the results compared with the experimental values.
1 Introduction
The effective ∆S = 2 quark lagrangian at scales µ < mc is given by
L∆S=2 = −G
2
FM
2
W
4pi2
[
λ2cη1S(xc) + λ
2
tη2S(xt) + 2λcλtη3S(xc, xt)
]
b(µ)QS2(µ) ,
(1.1)
where GF is the Fermi constant, MW is the W boson mass, xi = m
2
i /M
2
W , and µ
is the renormalization scale. The parameters λj = VjdV
∗
js represent the relevant
combinations of Kobayashy-Maskawa (KM) matrix elements (j = u, c, t). Finally
we denote by QS2 the ∆S = 2 local four quark operator
QS2 = (s¯Lγ
µdL)(s¯LγµdL) . (1.2)
The integration of the electroweak loops leads to the Inami-Lim functions [4]
S(x) = x
[
1
4
+
9
4
1
1− x −
3
2
1
(1− x)2
]
− 3
2
[
x
1− x
]3
ln x , (1.3)
S(xc, xt) = −xc ln xc + xc
[
x2t − 8xt + 4
4(1− xt)2 ln xt +
3
4
xt
xt − 1
]
(1.4)
1
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which depend on the masses of the charm and top quarks and describe the ∆S = 2
transition amplitude in the absence of strong interactions.
The short-distance QCD corrections are encoded in the coefficients η1, η2 and η3
with a common scale-dependent factor b(µ) factorized out. They are functions of
the heavy quarks masses and of the scale parameter ΛQCD. These QCD corrections
are available to NLO [5, 6, 7] in the strong and electromagnetic couplings.
The scale-dependent common factor of the short-distance corrections is given by
b(µ) = [αs (µ)]
−2/9
(
1− J3αs (µ)
4pi
)
, (1.5)
where J3 depends on the γ5-scheme used in the regularization. The naive dimensional
regularization (NDR) gives
JNDR3 = −
307
162
, (1.6)
while in the ’t Hooft-Veltman (HV) scheme one finds
JHV3 = −
91
162
. (1.7)
For the running QCD coupling we take the average over recent LEP and SLC
determinations [8],
αS(mZ) = 0.119± 0.006 (1.8)
which corresponds to
Λ
(4)
QCD = 350± 100 MeV . (1.9)
The scale-dependent BK(µ) parameter is defined by the matrix element
〈K¯0|QS2 (µ) |K0〉 = 4
3
f 2Km
2
KBK(µ) , (1.10)
where fK and mK are the kaon decay constant and mass, respectively (see table 2
for their numerical values).
The value of BK(µ) measures the deviation of the matrix element from the
vacuum saturation approximation used in the original work of Gaillard and Lee [9],
namely BK(µ) = 1. The physically relevant parameter is BˆK , which is defined by
the relation:
BˆK = BK(µ)b(µ) . (1.11)
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B̂K Method Reference
3/4 Leading 1/Nc [11]
0.37 Lowest-Order Chiral Perturbation Theory [12]
0.70± 0.10 Next-to-Leading 1/Nc Estimate [13]
0.4± 0.2 Next-to-Leading 1/Nc Estimate, O(p2) [14]
0.42± 0.06 O(p4) Chiral Perturbation Theory [15]
0.60÷ 0.80 NJL model with spin-1 interactions [16]
0.39± 0.10 QCD-Hadronic Duality [17, 18]
0.5± 0.1± 0.2 QCD Sum Rules (3-Point Functions) [19]
0.55± 0.25 QCD Sum Rules (3-Point Functions) [20]
0.58± 0.22 Laplace Sum Rule [21]
0.90± 0.03± 0.14 Lattice [22]
Table 1: Values of B̂K obtained in different approaches.
This quantity should be in principle renormalization scale independent. As we
include the perturbative NLO determination of the Wilson coefficient, we shall also
discuss the γ5-scheme dependence of our result.
A useful up-to-date summary of various determinations of this parameter is given
in Table 1 which updates that of ref. [10].
We have followed the approach described in ref. [23] in which the weak chiral
lagrangian is considered as the effective theory of the χQM [1]. In the present case,
it is the bosonization of the operator QS2 and the determination of the coefficient
of the corresponding ∆S = 2 chiral lagrangian that is made possible by the χQM.
In the determination of BK(µ) to O(αsNc) enters the contribution of the gluon
condensate. The final estimate is very sensitive to the value of such an input pa-
rameter. In order to restrict the range of allowed values, we impose the additional
constraint of taking for the gluon condensate the value that gives the best fit of the
experimental amplitude K+ → pi+pi0, which is related at the leading order in chiral
perturbation theory to that of K0 → K¯0. Such a procedure is consistent with that
followed in ref. [2] where we reproduced the ∆I = 1/2 rule by a similar choice of
input parameters.
3
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A “long-distance” scale dependence is introduced by the one-loop chiral cor-
rections to the hadronic matrix elements. According to our approach, this scale
dependence should match that in the Wilson coefficients and provide a scale inde-
pendent value of B̂K within the uncertainties quoted for higher order corrections.
In the case of B̂K , we find that there cannot be matching at this order insofar as
both the Wilson coefficient and the chiral corrections renormalize the parameter in
the same direction. The scale dependence remains however below 20% and the final
estimate is thus still reliable.
Our approach is in principle sensitive to the scheme used to treat γ5 matrices
in a generic space-time dimension. The NDR prescription of ref. [24, 25] preserves
the chiral properties of the operator QS2 by means of a convenient normalization
of the evanescent operators. As discussed in ref. [23], the consistency with such a
prescription makes the matrix elements of QS2 the same in the two schemes. As a
consequence, the remnant scheme dependence of the final result is that present in
the short-distance factor b(µ).
There are two important parameters related to the K0-K¯0 mixing: the CP
violating quantity ε which is proportional to the imaginary part of the mass matrix
and the mass difference ∆MLS ≡ mL−mS. The observed value for these quantities
are [26]:
|ε| = (2.266± 0.023)× 10−3 (1.12)
and
∆MLS = (3.510± 0.018)× 10−15 GeV . (1.13)
Knowing ε, we can determine Imλt, as discussed in section 6. As a by-product of
the computation one also obtains an estimate for the width difference ∆ΓLS, the
experimental value of which is
∆ΓLS = −(7.374± 0.010)× 10−15 GeV . (1.14)
However, a consistent determination of this quantity requires one extra order in
perturbation theory, as we shall discuss below.
From the theoretical point of view, the K0 − K¯0 mass matrix can be written,
using CPT invariance, as
M = 1
2mK
 〈K0|HW |K0〉 〈K0|HW |K¯0〉
〈K¯0|HW |K0〉 〈K¯0|HW |K¯0〉

4
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=
 M − 12 iΓ M12 − 12 iΓ12
M∗12 − 12iΓ∗12 M − 12 iΓ
 (1.15)
In the presence of CP violation (ε 6= 0) M12 and Γ12 are complex numbers. The
diagonalization of the mass matrix ( 1.15) leads to the physical states:
KL =
1√
2(1+|ε|2)
[
K0(1 + ε) + K¯0(1− ε)
]
KS =
1√
2(1+|ε|2)
[
K0(1 + ε)− K¯0(1− ε)
] (1.16)
For a tiny CP violation, their associated mass and width differences are given by:
∆MLS =
1
mK
Re
[
〈K0|HW |K¯0〉
]
, (1.17)
∆ΓLS = − 2
mK
Im
[
〈K0|HW |K¯0〉
]
. (1.18)
In order to estimate these two parameters we need to evaluate in addition to the
quark box-diagram contribution, coming from the ∆S = 2 effective weak lagrangian
given in (1.1), the long-distance contribution coming from the double insertion of
the ∆S = 1 weak chiral lagrangian. In the latter case, the mixing between K0 and
K¯0 can proceed, up to the one-loop level, via one- and two-particle intermediate
states
K0 →
(
pi0, η
)
→ K¯0, (1.19)
K0 →
(
pi+pi−, K+K−, pi0pi0, ηη, pi0η
)
→ K¯0, (1.20)
Within the χQM approach the ∆S = 1 weak chiral lagrangian can be systemat-
ically derived at a given order in momentum expansion starting from the effective
quark lagrangian [27]:
L∆S=1 = −GF√
2
VudV
∗
us
∑
i
[
zi(µ) + τyi(µ)
]
Qi(µ) , (1.21)
where Qi are local four-quark operators obtained by integrating out in the standard
model the vector bosons and the heavy quarks t, b and c. A convenient and by now
5
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standard basis includes the following ten quark operators:
Q1 = (sαuβ)V−A (uβdα)V−A ,
Q2 = (su)V−A (ud)V−A ,
Q3,5 = (sd)V−A
∑
q (qq)V∓A ,
Q4,6 = (sαdβ)V−A
∑
q(qβqα)V∓A ,
Q7,9 =
3
2
(sd)V−A
∑
q eˆq (qq)V±A ,
Q8,10 =
3
2
(sαdβ)V−A
∑
q eˆq(qβqα)V±A ,
(1.22)
where α, β denote color indices (α, β = 1, . . . , Nc) and eˆq are quark charges. Color
indices for the color singlet operators are omitted. (V ±A) refer to γµ(1± γ5). We
recall that Q1,2 stand for the W -induced current–current operators, Q3−6 for the
QCD penguin operators and Q7−10 for the electroweak penguin (and box) ones.
The functions zi(µ) and yi(µ) are the Wilson coefficients and Vij the KM matrix
elements; τ = −VtdV ∗ts/VudV ∗us.
In a previous work [23] we have computed the chiral coefficients for the complete
O(p2) ∆S = 1 chiral lagrangian. We will make use of those results to evaluate the
long-distance contributions in eqs. (1.19)–(1.20).
2 A model independent estimate of B̂K
The ∆S = 2 matrix element can be related via chiral symmetry to that of the
∆S = 1 and ∆I = 3/2 amplitude A(K+ → pi+pi0)[12]. Neglecting the SU(3)
breaking effects related to the chiral loop corrections to the matrix element, the
electromagnetic contributions and the pi − η mixing, we obtain the relation
4
3
f 2Km
2
KB̂K =
√
2
GF
fpi
V ∗usVud
m2K
m2K −m2pi
b(µ)
z1(µ) + z2(µ)
A(K+ → pi+pi0) . (2.1)
In the previous equation Vus and Vud are two matrix elements of the KM mixing
matrix, b(µ) is the ∆S = 2 Wilson coefficient given by (1.5), while z1(µ) and z2(µ)
are the real parts of the Wilson coefficients for the two ∆S = 1 operators Q1 and
Q2 which dominate the K
+ → pi+pi0 transition.
By inputting the experimental value A(K+ → pi+pi0) = 1.84×10−8 GeV and the
NLO results for the Wilson coefficients (the ratio b(µ)/(z1(µ) + z2(µ)) is to a large
6
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extent µ and γ5-scheme independent) we find the model “independent” estimate
B̂K = 0.40 . (2.2)
This number updates the value B̂K = 0.33 given in ref. [12].
On the other hand, having a model that reproduces the experimental result, in
order to apply correctly eq. (2.1) we must subtract in A(K+ → pi+pi0) all the chiral
symmetry breaking corrections due to chiral loops, electroweak penguins and pi − η
mixing [2]. In this way we obtain in the χQM approach, on the basis of chiral
symmetry arguments alone, the following O(p2) prediction:
B̂K =
3
4
b (µ)
fpif
f 2K
[
1 +
1
Nc
(
1− δ〈GG〉
)]
. (2.3)
In the previous formula we have denoted by δ〈GG〉 the non-perturbative gluonic
corrections which arise in the χQM approach,
δ〈GG〉 =
Nc
2
〈αsGG/pi〉
16pi2f 4
, (2.4)
where 〈αsGG/pi〉 is the gluon condensate and Nc is the number of colors. We will
come back to these corrections in the next section.
In considering eq. (2.3) it is important to remember that the factor fpi comes
from the soft pion theorem, while f is the chiral lagrangian parameter appearing in
the calculation of the amplitude A(K+ → pi+pi0). At the tree level f = fpi. The
spurious µ dependence present in eq. (2.3) should be canceled by that of the hadronic
matrix elements, which is absent at the lowest order in the chiral expansion.
If we choose for the gluon condensate the value 〈αsGG/pi〉 = (360 MeV)4 (which
gives the best fit of A(K+ → pi+pi0)), we obtain at µ = 0.8 GeV
B̂K ≃ 0.33 . (2.5)
This value includes the non-factorizable effects of gluon condensate corrections,
which play a crucial role in the fit of the ∆I = 3/2 amplitude in K → pipi de-
cays.
The value in eq. (2.5) represents the starting point of our analysis, to which we
will add the effect of chiral loop contributions to the ∆S = 2 matrix element.
7
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3 Computing BK
In this section we will extend the techniques that we have developed for ∆S = 1
weak processes in ref. [23], by using the χQM to construct the ∆S = 2 weak chiral
lagrangian.
3.1 The leading chiral coefficient in the chiral quark model
At the leading O(p2) order in the chiral expansion, the strong interaction between
the SU(3) Goldstone bosons is described by the following effective lagrangian [28]
L(2)strong =
f 2
4
Tr
(
DµΣD
µΣ†
)
+
f 2
2
B0Tr
(
MΣ† + ΣM†
)
, (3.1)
whereM is the mass matrix of the three light quarks (u,d and s) and Σ is defined
as
Σ ≡ exp
(
2i
f
Π(x)
)
, Π(x) =
∑
a=1..8
λapi
a(x)/2 . (3.2)
To the same order, the ∆S = 2 weak chiral lagrangian is given by:
L(2)∆S=2 = C(QS2) Tr
(
λ32ΣDµΣ
†
)
Tr
(
λ32ΣD
µΣ†
)
. (3.3)
In eq. (3.3) Dµ indicates the covariant derivative with respect to any external field,
while λ32 is a combination of the SU(3) Gell-Mann matrices which acts in the flavor
space causing a transition from a d-quark to an s-quark: (λ32)lk = δ3lδ2k.
C(QS2) is the chiral coefficient, which we determine by comparison with the χQM
calculation. Two configurations contribute to the determination of this coefficient
at O(Nc), as shown in Fig. 1.
In both HV and NDR schemes we find (for convenience we do not write the
overall ∆S = 2 Wilson coefficient given in eq. (1.1))
C(QS2) = −f
4
4
(
1 +
1
Nc
)
. (3.4)
An important correction to eq. (3.4) arises by considering the propagation of
quarks in an external gluon field. The effects of non-perturbative gluonic corrections
have been first studied in [14].
In the case of K0 → K¯0 transition the relevant gluonic corrections are given
by the diagrams of Fig. 2. By including gluonic condensate corrections, eq. (3.4)
8
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0 K0
d
dK
s
s
K0 K0
Figure 1: The two configurations relevant to the determination of the chiral coeffi-
cient C(QS2). The crossed circles stand for the insertion of the currents of the local
∆S = 2 four-quark operator.
K0 K0K0 K0
Figure 2: Same as Fig. 1 with the inclusion of the gluon corrections.
becomes
C(QS2) = −f
4
4
[
1 +
1
Nc
(
1− δ〈GG〉
)]
, (3.5)
where δ〈GG〉 is given by eq. (2.4).
By using the definition given in eq. (1.10) and computing at leading order
〈K¯0|QS2|K0〉, we obtain the following expression for BK(µ):
BK(µ) =
3
4
[
1 +
1
Nc
(
1− δ〈GG〉
)] f 2
f 2K
. (3.6)
At this stage of the computation, BK(µ) does not exhibit yet an explicit dependence
on µ. In our approach the scale dependence arises from meson-loop corrections.
9
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0K0 K0K0K
+    . . .
K0K0 K0
a b
Figure 3: One-loop chiral corrections to the kaon mass matrix. The black box and
circle indicate the insertion of the weak ∆S = 2 and strong chiral hamiltonians
respectively. The octet mesons K, pi, η are exchanged in the loop.
If we take f = fpi in eq. (3.6) we recover eq. (2.5), as it should be.
Taking f = fK and δ〈GG〉 = 0, eq. (3.6) reproduces the result obtained in the
1/Nc approach.
3.2 One-loop renormalization of the ∆S = 2 transition
So far we have ignored chiral-loop corrections to the evaluation of BK . The
introduction of these contributions gives a long-distance µ dependence to BK(µ).
In conventional chiral perturbation theory the scale dependence of meson loops
renormalization is canceled by construction by the O(p4) counterterms in the chiral
lagrangian. In our approach, on the contrary, the tree-level counterterms are µ in-
dependent and the scale dependence introduced in the hadronic matrix elements via
the meson loops, evaluated in dimensional regularization with the standard minimal
subtraction, is matched with the scale dependence of the Wilson coefficients.
The diagrams relevant to the present case are depicted in Fig. 3. The diagram in
Fig. 3(a) contains only a four-meson weak vertex of the ∆S = 2 chiral Lagrangian,
while the diagram in Fig. 3(b) contains two vertices, one of which is a four-meson
strong vertex and the other is a two-meson weak vertex. Another class of diagrams,
10
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which are induced by wave function renormalization, is shown below 3(a,b).
A direct calculation yields:
〈K¯0|QS2|K0〉|tree = C(QS2)
(−4m2K
f 2
)
(3.7)
〈K¯0|QS2|K0〉|1a = C(QS2) 1
f 4
[
3I4
(
m2η
)
+ I4
(
m2pi
)
+ 7m2KI2
(
m2η
)
+ 5m2KI2
(
m2pi
)
+
8
3
m2KI2
(
m2K
)]
(3.8)
〈K¯0|QS2|K0〉|1b = 4
3
C(QS2)
1
f 4
[
I4
(
m2K
)
+ 3m2KI2
(
m2K
)
+ 3m4KI3
(
m2K
)]
(3.9)
〈K¯0|QS2|K0〉|wf = −4 C(QS2) m
2
K
f 4
[
1
4
I2
(
m2pi
)
+
1
4
I2
(
m2η
)
+
1
2
I2
(
m2K
)]
, (3.10)
where C(QS2) is the chiral coefficient given by eq. (3.5), and
I2
(
m2i
)
=
i
(2pi)4
∫
1
(q2 −m2i )
d4q =
1
16pi2
m2i
(
ln
m2i
µ2
− 1
)
(3.11)
I3
(
m2i
)
=
i
(2pi)4
∫
1
(q2 −m2i )2
d4q =
1
16pi2
ln
(
m2i
µ2
)
(3.12)
I4
(
m2i
)
=
i
(2pi)4
∫ q2
(q2 −m2i )
d4q =
1
16pi2
m4i
(
ln
m2i
µ2
− 1
)
. (3.13)
We also have to consider the meson decay constant renormalization, that is the
one-loop determination of f in terms of fK :
f = fK
{
1 +
1
2f 2
[
3
4
I2(m
2
pi) +
3
2
I2(m
2
K) +
3
4
I2(m
2
η)
]
+ ...
}
, (3.14)
where the dots represent contributions of the O(p4) chiral lagrangian. This renormal-
ization introduces chiral corrections which cancel some of the contributions coming
from the meson loops in Fig. 3. Notice that the divergent integrals in eqs. (3.11)–
(3.13) are minimally subtracted, while the usual chiral expansion prescription keeps
only the chiral logarithms. We will discuss the implications for the O(p4) countert-
erms in a forthcoming publication [29].
11
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The expression for the ∆S = 2 amplitude, comprehensive of chiral loops, wave
function and kaon decay constant renormalizations can be written as
〈K¯0|QS2|K0〉 = 〈K¯0|QS2|K0〉|tree
(
1 + 2
f − fK
fK
)
+ 〈K¯0|QS2|K0〉|1a+1b+wf , (3.15)
where the chiral lagrangian coefficient f in the term 〈K¯0|QS2|K0〉|tree ∝ f 2 is re-
placed by the physical decay constant fK (all other terms are independent on f).
As it was noted by Bruno in ref. [15], this replacement corresponds to resumming
all orders of the chiral expansion in the factorizable component of the amplitude.
An approach similar to the one we are adopting here has been followed in ref.
[13] in the framework of a cut-off regularization of the chiral loops. It is important
to stress that we have chosen to regularize the divergent integrals appearing in the
meson loops by using dimensional regularization (as we have already done in [23, 2,
3]). This choice is motivated by consistency with the short distance calculation of
the Wilson coefficients, which is performed using the same regularization.
In order to show the impact of chiral loops on the K0-K¯0 amplitude, we find
convenient to factorize the tree level contribution in terms of the relevant parameters,
while giving the corresponding loop renormalization as a numerical coefficient with
an explicit µ dependence. The values of the meson masses and other input variables
are those given in Table 2.
We thus find:
〈K¯0|QS2|K0〉 = m2Kf 2K
[
1 +
1
Nc
(
1− δ〈GG〉
)] (
1 + 0.728 + 0.372 lnµ2
)
, (3.16)
where µ is taken in units of GeV. From eq. (3.16) we obtain the final result for
BK(µ), inclusive of the effects of meson loops, wave function and kaon decay constant
renormalization:
BK(µ) =
3
4
[
1 +
1
Nc
(
1− δ〈GG〉
)] (
1 + 0.728 + 0.372 lnµ2
)
. (3.17)
The scale dependence of the hadronic matrix element interferes constructively
with that of b(µ) in eq. (1.5). Nevertheless, the overall scale dependence of B̂K
remains below 20% in the range between 0.8 and 1 GeV.
12
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parameter value
fpi = fpi+ 92.4 MeV
fK = fK+ 113 MeV
mpi = (mpi+ +mpi0)/2 138 MeV
mK = mK0 498 MeV
mη 548 MeV
Λ
(4)
QCD 350± 100 MeV
Table 2: Table of the numerical values used for the input parameters.
4 Numerical Analysis
We now have all the ingredients necessary to make a detailed analysis of the
values of the parameter B̂K , where BK(µ) and b(µ) are given by eq. (3.17) and
eq. (1.5), respectively. The final result depends on the values of the gluon con-
densate 〈αsGG/pi〉 entering in the determination of the gluon corrections to BK(µ)
and of Λ
(4)
QCD which determines the value of the QCD coupling constant αS, and
consequently of b(µ) .
4.1 Input Parameters
A relevant input parameter in our present analysis is the gluon condensate. We
choose for this quantity the value that gives within a 30% error a fit of the ∆I = 3/2
K+ → pi+pi0 amplitude:〈
αS
pi
GG
〉
= (360± 15 MeV)4 . (4.1)
Although this value fits leading order QCD sum rule determinations, the relation be-
tween the chiral quark model gluon condensate and other estimates (e.g.: QCD sum
rules) is rather unclear (only low frequency modes of the gluon fields are included
in eq. (4.1)). We stress that our approach is in this respect purely phenomenologi-
cal: we consider the quark and gluon condensates as parameters of the model to be
consistently determined by comparison with known observables. A redundant set
of determinations provide the basis for a predictive framework. A word of caution
concerning the renormalization prescription of the chiral lagrangian parameter f in
13
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the amplitudes: in refs. [23, 2, 3] we have included the one-loop renormalization of
1/f 3 in the K → pipi tree level chiral amplitudes. From now on we include in the
counting of powers of f also the f dependence of the chiral coefficient computed
in the χQM. The numerical consequences of this change in prescription are that
the best fit of the ∆I = 1/2 rule leads to a central value of the gluon condensate
〈αsGG/pi〉 = (360 MeV)4, slightly smaller than that obtained in [2], namely (372
MeV)4, and to a central value of the quark condensate of (−280MeV )3, slightly
larger than (−271MeV )3, quoted as the best fit in ref. [2]. Since our present results
depend very little on the quark condensate we keep it fixed at the value 〈q¯q〉 = −
(280 MeV)3, while varying the gluon condensate in the range of eq. (4.1).
The present analysis, as our previous ones, includes O(p2) chiral coefficients
and the effects of chiral loops. A complete O(p4) calculation is under way [29].
Preliminary results show that the best fit of the ∆I = 1/2 rule is obtained for lower
values of the quark and gluon condensates.
Another input parameter which is important for the determination of B̂K , is
the QCD running coupling constant αs entering in the computation of the short
distance factor b(µ). In our numerical estimates we use for αs the range of eq.(1.8),
corresponding to the values of Λ
(4)
QCD given by (1.9). The values of this and other
input parameters are listed in Table 2.
4.2 Numerical results for B̂K
Our numerical estimate of the parameter B̂K is summarized in Table 3, in which
we have fixed 〈αsGG/pi〉 to the central value of eq. (4.1) and we have examined two
extreme values of the matching scale µ in both schemes HV and NDR. The three
parts of the table show the dependence on the QCD scale parameter Λ
(4)
QCD.
From Table 3 we obtain the ranges 0.79 ≤ B̂K ≤ 1.0 in NDR and 0.69 ≤ B̂K ≤
0.97 in HV scheme.
The quantities ∆γ5B̂K and ∆µB̂K measure the size of the γ5−scheme and µ−
dependences respectively,
∆γ5B̂K = 2
∣∣∣∣∣ B̂K |HV − B̂K |NDRB̂K |HV + B̂K |NDR
∣∣∣∣∣ (4.2)
∆µB̂K = 2
∣∣∣∣∣ B̂K(1 GeV)− B̂K(0.8 GeV)B̂K(1 GeV) + B̂K(0.8 GeV)
∣∣∣∣∣ . (4.3)
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Λ
(4)
QCD = 250 MeV
µ = 0.8 GeV µ = 1 GeV
NDR HV NDR HV
b (µ) 1.25 1.19 1.30 1.24
B̂K 0.88 0.84 1.01 0.97
∆γ5B̂K 5.2% 4.2%
∆µB̂K 14%− 15%
∆µb (µ) 4%− 5%
Λ
(4)
QCD = 350 MeV
µ = 0.8 GeV µ = 1 GeV
NDR HV NDR HV
b (µ) 1.17 1.08 1.23 1.17
B̂K 0.83 0.77 0.96 0.91
∆γ5B̂K 8% 5.7%
∆µB̂K 15%− 17%
∆µb (µ) 5%− 7%
Λ
(4)
QCD = 450 MeV
µ = 0.8 GeV µ = 1 GeV
NDR HV NDR HV
b (µ) 1.12 0.97 1.18 1.09
B̂K 0.79 0.69 0.92 0.85
∆γ5B̂K 14.1% 7.9%
∆µB̂K 15%− 21%
∆µb (µ) 5%− 11%
Table 3: Matching scale and γ5 scheme dependence of B̂K in the χQM with NLO
Wilson coefficients, for various values of Λ
(4)
QCD. We take for the gluon condensate
the value 〈αsGG/pi〉 = (360 MeV)4, preferred by the fit of Γ(K+ → pi+pi0).
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Figure 4: The B̂K parameter is shown as a function of the gluon condensate for
Λ
(4)
QCD = 350 MeV and µ = 0.8 GeV. We denote by 〈GG〉 the quantity 〈αsGG/pi〉1/4
in units of GeV. The dark and grey lines represent the HV and NDR results respec-
tively.
The scale dependence ∆µB̂K is near to 20% in both schemes and it is mainly
due to the effect of meson loops renormalization. As a matter of fact the final µ
dependence is larger than the one originally present in the coefficient b(µ), which is
less than 10%. Nevertheless the fact that the scale dependence is at most 20% makes
us confident on the stability of our results. and allows us to choose µ = 0.8 GeV
as the best compromise between the upper limit of validity of chiral perturbation
theory, used to compute BK(µ), and the lowest scale for perturbative calculations,
needed to obtain the short distance coefficient b(µ).
The scheme dependence of our result is entirely due to b(µ), since the hadronic
matrix element does not exhibit any scheme dependence. At any rate ∆γ5B̂K is
below 10% for all values of µ in the given range.
Finally, a few words on the dependence of our results on the value chosen for the
gluon condensate. In Fig. 4 we show B̂K as a function of the gluon condensate, for
our preferred matching scale µ = 0.8 GeV, and Λ
(4)
QCD = 350 MeV.
It appears that B̂K is a sensitive decreasing function of the gluon condensate.
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For our values of 〈αsGG/pi〉 the term δ〈GG〉 in eq. (3.17) is greater than 1, thus
changing the sign of the 1/Nc contribution and determining a reduction of the final
result for B̂K . By varying also the value of the gluon condensate in the range of
eq. (4.1) we obtain the overall range
0.54 ≤ B̂K ≤ 1.2 . (4.4)
which represents our conservative prediction for BK . The central value B̂K = 0.87,
quoted in the abstact, is obtained by taking all input parameters at their central
values. It represents a large renormalization with respect to the initial value given by
eq. (2.5). In this respect, improving to O(p4) the chiral expansion, albeit challenging,
might be needed in order to assess the degree of stability of the result.
5 KL-KS mass difference
We apply the results of the previous section to the study of the K0L-K
0
S mass dif-
ference ∆MLS. The full ∆MLS can be split into short- and long-distance components
as
∆MLS = ∆MSD +∆MLD . (5.1)
Notice that the “short-distance” component ∆MSD, generated by the lagrangian
in eq. (1.1), contains the hadronic parameter B̂K . The value of B̂K estimated in the
previous part of the paper completes the determination of the box (or short-distance)
component of ∆MLS.
We address now the issue of the evaluation of the genuine long-distance contribu-
tion ∆MLD. We will do it consistently with the evaluation of BK . The interesting
question is whether the interplay between ∆MSD and ∆MLD reproduces the ob-
served value ∆MexpLS .
5.1 Long distance ∆S = 1 induced contributions
Many attempts have been made to estimate ∆MLD [30]–[37] by means of vari-
ous techniques like chiral symmetry, dispersion relation with experimental data of
s−wave pipi scattering, leading to a variety of numerical results.
Our aim is to give a consistent estimate of ∆MLD based on the χQM approach.
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HV NDR
GaLL(Q1) = − 1Ncf 4pi
(
1− δ〈GG〉
)
GaLL(Q1) = − 1Ncf 4pi
(
1− δ〈GG〉
)
GaLL(Q2) = −f 4pi GaLL(Q2) = −f 4pi
GbLL(Q1) = −f 4pi GbLL(Q1) = −f 4pi
GbLL(Q2) = − 1Ncf 4pi
(
1− δ〈GG〉
)
GbLL(Q2) = − 1Ncf 4pi
(
1− δ〈GG〉
)
G8(Q3) = f
4
pi
1
Nc
(
1− δ〈GG〉
)
G8(Q3) = f
4
pi
1
Nc
(
1− δ〈GG〉 − 6M2Λ2χ
)
G8(Q4) = f
4
pi G8(Q4) = f
4
pi
(
1− 6M2
Λ2χ
)
G8(Q5) =
2
Nc
〈q¯q〉
M
f 2pi
(
1− 6 M2
Λ2χ
)
G8(Q5) =
2
Nc
〈q¯q〉
M
f 2pi
(
1− 9 M2
Λ2χ
)
G8(Q6) = 2
〈q¯q〉
M
f 2pi
(
1− 6 M2
Λ2χ
)
G8(Q6) = 2
〈q¯q〉
M
f 2pi
(
1− 9 M2
Λ2χ
)
Table 4: Values of the relevant ∆S = 1 weak chiral coefficients for two different
regularization schemes: HV and NDR. The inclusion of the Wilson coefficients of
the effective quark operators Qi is understood.
As already mentioned, the K0-K¯0 mass difference receives contributions from
the exchange of the SU(3) meson field octet (we leave aside in this analysis the
contribution of η′) via the double insertion of the ∆S = 1 chiral vertices.
The complete bosonization of the ∆S = 1 lagrangian of eq. (1.21) can be found
in ref. [38]. Here we just quote the result for the operators Q1−6, which turn out
to be relevant for the calculation of ∆MLD. The electroweak penguins Q7−10 give
a negligible contribution (of the order of 1%) due the smallness of their Wilson
coefficients.
The bosonization of the relevant operators leads to
L(2)∆S=1 = G8(Q3−6) Tr
(
λ32DµΣ
†DµΣ
)
+
GaLL(Q1,2) Tr
(
λ31Σ
†DµΣ
)
Tr
(
λ12Σ
†DµΣ
)
+
GbLL(Q1,2) Tr
(
λ32Σ
†DµΣ
)
Tr
(
λ11Σ
†DµΣ
)
, (5.2)
where, as before, λij are combinations of Gell-Mann SU(3) matrices defined by
(λij)lk = δilδjk and Σ is defined in eq. (3.2). The covariant derivatives in eq. (5.2)
are taken with respect to the external gauge fields whenever they are present.
The notation for the chiral coefficients G8(Q3−6), G
a
LL(Q1,2) and G
b
LL(Q1,2) re-
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Figure 5: One-loop long-distance contributions to the K0 − K¯0 mixing induced by
the ∆S = 1 weak hamiltonian. The black box represents the insertion of the ∆S = 1
chiral interactions. The octet mesons K, pi, η are exchanged in the loop.
minds us their chiral properties: G8 represents the (8L× 1R) part of the interaction
induced in QCD by the gluonic penguins, while the two terms proportional to GaLL
and GbLL are admixtures of the (27L× 1R) and the (8L× 1R) part of the interaction,
induced by left-handed current-current operators. These coefficient have been eval-
uated in two different schemes of regularization HV and NDR, and the results are
given in Table 4. In this table M is the constituent quark mass, that, consistently
with previous analyses, we take at 220 MeV and Λχ is the chiral symmetry breaking
scale (≃ 1 GeV).
The diagrams relevant to the evaluation of the long-distance contribution ∆MLD
arise via one-particle and two-particle intermediate states (three-particle intermedi-
ate states have been shown not to give significant contributions [32]). They contain
two weak vertices, among those proportional to G8, G
a
LL and G
b
LL. Therefore we
have to consider all the possible combinations: GaLLG
a
LL, G
b
LLG
b
LL, G8G8, G
a
LLG
b
LL,
G8G
a
LL, G8G
b
LL.
Using the Feynman rules reported in appendix A, it is found that the single
particle intermediate state contribution give a result proportional to (4m2K −m2pi −
3m2η) which vanishes [30] by the Gell-Mann-Okubo relation.
A non-vanishing contribution is obtained from the two particle intermediate
states, which corresponds to the double insertion of the ∆S = 1 chiral lagrangian
as depicted in Fig. 5(a) and 5(b). To our knowledge, the relevance of the diagrams
of the type (b) (tadpole diagrams) was first pointed out in ref. [36].
The calculation is lengthy and the details can be found in refs. [40]. In eval-
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Λ
(4)
QCD 250 MeV 350 MeV 450 MeV
αs(mZ)MS 0.113 0.119 0.125
NDR
z1 (0.0503) −0.524 (0.0533) −0.663 (0.0557) −0.781
z2 (0.982) 1.29 (0.981) 1.39 (0.980) 1.48
z3 0.0180 0.0360 0.0870
z4 −0.0471 −0.0852 −0.182
z5 0.0085 0.0077 −0.0129
z6 −0.0495 −0.0947 −0.226
HV
z1 (0.0320) −0.657 (0.0339) −0.910 (0.0355) −1.36
z2 (0.988) 1.38 (0.987) 1.58 (0.987) 1.96
z3 0.0137 0.0301 0.0798
z4 −0.0292 −0.0540 −0.115
z5 0.0070 0.0100 0.0123
z6 −0.0275 −0.0515 −0.112
Table 5: NLO Wilson coefficients at µ = 0.8 GeV in the NDR and in the HV scheme
(α = 1/128). The corresponding values at µ = mW are given in parenthesis. In
addition one has z3−6(mc) = 0. The coefficients zi(µ) do not depend on mt.
uating the loop integrals, we use dimensional regularization and modified minimal
subtraction.
5.2 ∆S = 1 Wilson coefficients
In Table 5 we report the Wilson coefficients of the first six operators at the scale
µ = 0.8 GeV in the NDR and HV γ5-schemes, respectively. Since Re τ in eq. (1.21)
is of O(10−3), the K0 ↔ K¯0 transition is controlled by the coefficients zi, which do
not depend on mt.
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5.3 ∆S = 2 Wilson coefficients
The Wilson coefficients of the ∆S = 2 effective quark operator are denoted by
η1, η2 and η3 (see eq. (1.1)).
The NLO calculations of η1 and η2 can be found in refs. [6] and [5] respectively,
while the analogous calculation for η3, which is particularly challenging, has been
performed only recently by the authors of ref. [7]. We have taken their results and
evaluated the QCD factors for our choice of parameters.
As an example, for Λ
(4)
QCD = 350 MeV, m
(pole)
t = 180 GeV, and µ = mc = 1.4
GeV we find
η1 = 1.36 η2 = 0.51 η3 = 0.45 (5.3)
5.4 Numerical Analysis
According to Wolfenstein’s notation [39], we define the parameter D which char-
acterizes the long distance contribution
D =
∆MLD
∆MexpLS
. (5.4)
Numerical estimates of D, ∆MLD and ∆MSD for different values of Λ
(4)
QCD and
of the matching scale µ are given in Table 6. In this table we have fixed the gluon
condensate to our central value 〈αsGG/pi〉 = (360 MeV)4 and we have chosen for the
quark condensate the value 〈q¯q〉 = −(280 MeV)3 which gives us the best fit of the
∆I = 1/2 selection rule. The ranges thus obtained are 0.63 ≤ ∆M thLS/∆MexpLS ≤ 1.11
in the NDR and 0.54 ≤ ∆M thLS/∆MexpLS ≤ 0.98 in the HV.
A few comments are in order. Among the diagrams of Fig. 5(a), those containing
two intermediate pion states dominate over kaon and eta exchange by about a factor
of two. The diagrams of Fig. 5(b) (tadpole diagrams) give a contribution comparable
in size with those of Fig. 5(a) but of the opposite sign, leading to a small and negative
∆MLD in most of the parameter space.
We disagree with ref. [36] in the details of the calculation and on the the relevant
interactions. In particular, the author of ref. [36] seems to neglect some of the leading
insertions of the operator Q2.
Our result depends sensitively on the value of the gluon condensate (the uncer-
tainties in the short-distance coefficients related to varying the quark thresholds—in
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Λ
(4)
QCD = 250 MeV
µ = 0.8 GeV µ = 1 GeV
NDR HV NDR HV
∆MSD 2.55 2.42 2.92 2.80
∆MLD -0.34 -0.38 -0.35 -0.38
D -0.10 -0.11 -0.10 -0.11
∆M th/∆M exp 0.63 0.58 0.73 0.69
Λ
(4)
QCD = 350 MeV
µ = 0.8 GeV µ = 1 GeV
NDR HV NDR HV
∆MSD 3.07 2.83 3.56 3.37
∆MLD -0.54 -0.65 -0.46 -0.51
D -0.15 -0.18 -0.13 -0.14
∆M th/∆M exp 0.72 0.62 0.88 0.81
Λ
(4)
QCD = 450 MeV
µ = 0.8 GeV µ = 1 GeV
NDR HV NDR HV
∆MSD 3.91 3.40 4.55 4.20
∆MLD -1.18 -1.50 -0.65 -0.75
D -0.34 -0.43 -0.18 -0.21
∆M th/∆M exp 0.77 0.54 1.11 0.98
Table 6: Long-distance and short-distance box contributions to ∆MLS, in units of
10−15 GeV, for different values of the matching scale µ and Λ
(4)
QCD in the χQM.
We take for the gluon condensate the value 〈αsGG/pi〉 = (360 MeV)4 and for the
quark condensate 〈q¯q〉 = −(280 MeV)3, which are the values preferred by the fit of
the ∆I = 1/2 selection rule at the same perturbative order. The “short-distance”
component ∆MSD is evaluated for a top quark pole mass of 180 GeV and for the
values of B̂K given in Table 3.
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Figure 6: The ratio (∆MSD + ∆MLD)/∆M
exp
LS is shown as a function of the gluon
condensate for Λ
(4)
QCD = 350 MeV and µ = 0.8 GeV. We denote by 〈GG〉 the quantity
〈αsGG/pi〉1/4 in units of GeV. The dark and grey lines represent the HV and NDR
results respectively.
particular mc in the range 1.3 ÷ 1.5 GeV—affect ∆MLS by less than 15% for our
central value of ΛQCD). Fig. 6 shows the typical behavior for a choice of input
parameters. The total theoretical mass difference ∆M thLS is a decreasing function of
the value of the gluon condensate, analogously to the case of B̂K . If we let the value
of the gluon condensate vary in the range of eq. (4.1), as we did in determining BˆK ,
we obtain the overall range
0.42 ≤ ∆M thLS/∆MexpLS ≤ 1.40 (5.5)
which represents our most conservative result.
The scheme dependence of the result is satisfactory (< 20%) for most of the
range of Λ
(4)
QCD. Less satisfactory is the renormalization scale dependence. ∆MSD is
an increasing function of µ and this behavior is not compensated by a corresponding
decrease of the D parameter. This feature leads to a scale dependence that is about
30% for Λ
(4)
QCD ≤ 350 MeV. These results may indicate the need to extend the analysis
to O(p4) in the chiral lagrangian expansion. An improved χQM calculation of the
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∆S = 1 and ∆S = 2 chiral coefficients at O(p4) is under way.
A final comment about the width difference ∆ΓLS is necessary. A direct calcu-
lation of the absorptive component of Fig. 5(a) gives about 1/6 of the experimental
result. The reason is that the tree-level K → pipi decay amplitudes do not reproduce
the measured ones. Only by replacing in the vertices of Fig. 5(a) the one-loop
results obtained in [2], we obtain the agreement with the experimental ∆ΓLS. This
is equivalent to computing directly the absorptive part of of Fig. 5(a) up to three
loops.
6 The Mixing Parameter Imλt
A range for the KM parameter Im λt, which is relevant for CP violating observ-
ables, can be determined from the experimental value of ε as a function of B̂K , mt
and the other relevant parameters involved in the theoretical estimate.
Given mt, mc and the KM parameters [26]
|Vus| = 0.2205± 0.0018 (6.1)
|Vcb| = 0.041± 0.003 (6.2)
|Vub/Vcb| = 0.08± 0.02 , (6.3)
we can solve the two equations
εth(B̂K , |Vcb|, |Vus|,Λ(4)QCD, mt, mc, η, ρ) = εexp (6.4)
η2 + ρ2 =
1
|Vus|2
∣∣∣∣VubVcb
∣∣∣∣2 (6.5)
to find the allowed values of the two parameters η and ρ appearing in the Wolfenstein
parametrization of KM mixing matrix.
We include in this analysis the interval of values for Λ
(4)
QCD in eq. (1.9) and for
the gluon condensate the range in eq. (4.1). The matching scale µ is varied between
0.8 and 1 GeV, while B̂K is varied according to the range obtained in the previous
sections. The results for m
(pole)
t = 180 GeV are presented graphically in Fig. 7 .
We can see that the equations (6.4) and (6.5) define two families of curves (re-
spectively hyperbola and circles) in the (ρ-η) plane. The allowed values of the two
parameters correspond to the region delimited by the intersections between the two
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Figure 7: Constraints on KM parameters from kaon physics. See the text for expla-
nation.
families of curves. The area enclosed by the two solid line hyperbolae corresponds
to our most conservative range 0.54 < B̂K < 1.2.
This procedure gives two possible ranges for η and consequently for Imλt ≃
η|Vus||Vcb|2, which correspond to having the KM phase in the I or II quadrant (ρ
positive or negative, respectively). For the central value of the top mass (mt(mW ) ≃
183 GeV) we find
0.67× 10−4 ≤ Imλt ≤ 1.7× 10−4 (6.6)
in the first quadrant and
0.41× 10−4 ≤ Imλt ≤ 1.7× 10−4 (6.7)
in the second quadrant.
We also consider a “biased” estimate of Im λt, obtained by fixing the gluon con-
densate and Λ
(4)
QCD to their central values and varying the matching scale µ between
between 0.8 and 1 GeV. In this way we are spanning the following range for the
renormalization group invariant parameter BˆK :
BˆK = 0.87± 0.10 , (6.8)
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This choice of the input parameters restricts the hyperbolic band to the area
enclosed by the dashed lines in Fig. 7. The overlap with the constraint of eq. (6.5)
leads to the following ranges of allowed values for Im λt
0.81× 10−4 ≤ Imλt ≤ 1.6× 10−4 (6.9)
in the first quadrant and
0.52× 10−4 ≤ Imλt ≤ 1.5× 10−4 (6.10)
in the second quadrant.
Varyingmt in the rangem
(pole)
t = 180±12 GeV affects very little the quoted lower
bounds on Imλt while the upper bounds are changed by less than 20% (decreasing
mt corresponds to increasing the upper limits). On the other hand, the upper bound
on Im λt remains stable, beeing bounded by the maximum value of η obtained from
eq. (6.5) (ρ = 0).
We do not discuss here details of the bounds provided by ∆MBd which are repre-
sented, for the central value of mt, by the area delimited by the grey lines in Fig. 7.
The constraints of Bd − B¯d mixing have a marginal impact in the determination of
the overall range of η. As the example in the figure shows, only the lower bound of
Imλt in the second quadrant is affected by such an inclusion and raised to 0.6×10−4.
Acknowledgments
This work was partially supported by the EEC Human capital and mobility
contract ERBCHRX CT 930132.
26
SISSA 20/96/EP
A Feynman Rules for the ∆S = 1 Chiral Lagrangian
We report the Feynman rules for the three terms (proportional to GaLL, G
b
LL and
G8) of the ∆S = 1 chiral lagrangian which are relevant for the calculation of the
long-distance contribution ∆MLD. All momenta are entering the vertex.
GaLL:
K+(p1)pi
−(p2)
2i
f 2
p1 · p2
K0(p1)pi
+(p2)pi
−(p3) −
√
2
f 3
p3 · (p2 − p1) (A.1)
K0(p1)K
+(p2)K
−(p3) −
√
2
f 3
p2 · (p1 − p3)
K0(p1)K
0(p2)pi
+(p3)K
−(p4)
i
f 4
[
p1 · p2 −
(
p1 + p2
2
)
· (p3 + p4) + p3 · p4
]
GbLL:
K0(p1)pi
0(p2)
i
√
2
f 2
p1 · p2
K0(p1)η(p2)
i
f 2
√
2
3
p1 · p2
K0(p1)pi
0(p2)pi
0(p3) − 1√
2f 3
[
p1 ·
(
p2 + p3
2
)
− p2 · p3
]
K0(p1)η(p2)η(p3) − 1√
2f 3
[
p2 · p3 − p1 ·
(
p2 + p3
2
)]
K0(p1)K
+(p2)K
−(p3) −
√
2
f 3
(−p1 · p3 + p1 · p2) (A.2)
K0(p1)pi
+(p2)pi
−(p3) −
√
2
f 3
(−p1 · p3 + p1 · p2)
K0(p1)η(p2)pi
0(p3) − 1√
6f 3
(p1 · p2 + 2p2 · p3 − 3p1 · p3)
K0(p1)K
0(p2)K¯
0(p3)pi
0(p4)
2
√
2
3
i
f 4
[
p3 · p4 −
(
p1 + p2
2
)
· p4
]
K0(p1)K
0(p2)pi
+(p3)K
−(p4)
i
3f 4
[
4p1 · p2 − 2
(
p1 + p2
2
)
· (p4 + p3)
]
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K0(p1)K
0(p2)K¯
0(p3)η(p4)
2
3
√
2
3
i
f 4
[
p3 · p4 −
(
p1 + p2
2
)
· p4
]
G8:
K0(p1)pi
0(p2)
i
√
2
f 2
p1 · p2
K0(p1)η(p2)
i
f 2
√
2
3
p1 · p2
K+(p1)pi
−(p2) − 2i
f 2
p1 · p2
K0(p1)pi
0(p2)pi
0(p3) − 1
2
√
2f 3
[p3 · (p1 − p2) + p2 · (p1 − p3)]
K0(p1)pi
0(p2)η(p3) − 1√
6f 3
(p1 · p3 + 2p2 · p3 − 3p1 · p2)
K0(p1)η(p2)η(p3) − 1√
2f 3
[
p2 · p3 − p1 ·
(
p2 + p3
2
)]
(A.3)
K0(p1)K
+(p2)K
−(p3) −
√
2
f 3
p3 · (p2 − p1)
K0(p1)pi
+(p2)pi
−(p3) −
√
2
f 3
p2 · (p1 − p3)
K0(p1)K
0(p2)K¯
0(p3)pi
0(p4)
2
√
2
3
i
f 4
[
p3 · p4 −
(
p1 + p2
2
)
· p4
]
K0(p1)K
0(p2)pi
+(p3)K
−(p4)
i
3f 4
[
p1 · p2 + (p4 + p3)
(
p1 + p2
2
)
− 3p3 · p4
]
K0(p1)K
0(p2)K¯
0(p3)η(p4)
2
3
√
2
3
i
f 4
[
p3 · p4 −
(
p1 + p2
2
)
· p4
]
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